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1. Introduction 

It is well known that one could obtain the Caratheodory Extension Theorem on 
fuzzy measurable space. Now a fuzzy measure is defined on cr-algebras. As one 
already saw, Fuzzy measure is a classical measure, provided that fuzzy sets are 
restricted to classical sets. As the classical measure theory goes, we will define a 
fuzzy signed measure on cr-algebras, as well as positive and negative sets. Herein, we 
will show that the Fuzzy Hahn Decomposition Theorem, which is a generalization of 
the classical Hahn Decomposition Theorem, decompose any space X into a positive 
set A and a negative set B such that A+B=X and the signed measure of A A B is 
0. 

2. Preliminaries 

In this section, we shall briefly review the well know facts about lattice theory 
(e.g. Birkhoff [1], Iwamura), propose an extension lattice, and investigate its prop- 
erties. Later in this section, we shall review Caratheodory Extension Theorem on 
fuzzy measurable sets. (L,A,V) or simply L, under closed operations A V, is called 
a lattice. If it satisfies in addition to the distributive law is called a lattice. For two 
lattices L and L', a bijection from L to L', which preserves lattice operations are 
called a lattice isomorphism, or simply an isomorphism. If there is an isomorphism 
from L to L', then L is called lattice-isomorphic with L', and we write L = L'. We 
write x < y if x A y = x or, equivalently, if x A y = y. L is called complete, if any 
subset A of L includes the supremum VA, and infimum AA, with respect to the 
above order. A complete lattice L includes the maximum and minimum elements, 
which are denoted by I and O, or 1 and 0, respectively [1]. 

Definition 1. Unless otherwise stated, X is a space and /Jq is a membership 
function of any fuzzy set □. If a family a of membership functions on X satisfies 
the following conditions, then it is called fuzzy a-algebra; 

(1) Va G [0,1], a is constant; a G a. 

(2) V/x G a, l-/x G a. 

(3) if (jJ, n )neN G a N , then sup fi n G a. 

Definition 2. If m : a i— > R U {oo} satisfying the following properties, then m is 
called a fuzzy measure. 

(1) m (0) = m (0) = 0. 

(2) V/x, r) G a s.t. m{n),m(rf) > : /x < r\ m (/x) < m (77). 

(3) V/x, 77 G a : m(/x V 77)+ m(/x A 77) = m(/x)+ 111(77). 
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(4) (n n ) n eN C <j n such that m < hi < ■ ■ ■ < [i n < ■ • ■ ■ sup/x„ = fi =4> 
m(/x) = lim m(/x„). 

Definition 3. By an outer fuzzy measure m*, we mean an extended real- value set 
function defined on [0,l] x , having the following properties: 

(1) m*(0) = 

(2) m* (/i) < to* (77) for ^ < T) 

(3) m*(V- lM£l ) < V^to*^). 

Example 1. Suppose 

*/ n JO He = 
^ 1 jU B ^ 

T/ien to* is an outer fuzzy measure which is not fuzzy measure on [0,l] x , if X 
has at least two points. 

proposition 1. Let F be a class of fuzzy subsets of X containing empty set such 
that for every fx A < fJ-Xi there exists a sequence (/is„)^L 1; Hb„ £ F such that 
Ha < su p(M-B„)5^Li- Let t be an extended real-valued function on F such that 
t(0) = and t((j,a) > for fiA € F. Then m* defined on [0,l] x by m*(fj-A) = 
inf{r(V^ 1 ^B„) : f-B n G F s.t. [iA < V^ 1 ^b„} is a outer fuzzy measure. 

Proof. Clearly, m*(0) = 0. Secondly if ha 1 < t L A 2 an d HA 2 < ^iLit L B nl then 
MAj < V^ 1 ^s„- Thus m*(p Al ) < m*{fj,A 2 )- 

Finally, let HE n < for each natural number n. Then m*(fiE n ) = °o for some 
n, m*(V£L 1/Ui O < V~ =1 m> £ „. 

□ 

The following theorem is an extension of the above proposition. 

Theorem 2. The class B of m* -fuzzy measurable sets is a a -algebra. Alsom, the 
restriction of to* to B, is a measure. 

Theorem 3. Let m be a fuzzy measure on a a-algebra a C [0,l] x . 
Suppose for \ie < f-x 

m*{n E ) = inf {mCV^MuJ : M£„ G as.t.^E < V^MbJ 

Then the following properties hold: 

(i) to* is an outer fuzzy measure. 

(ii) He G <j implies m(/j,E ) = m* (he ) 

(Hi) fi E G a implies He is m* -fuzzy measurable. 

(iv) The restriction to of m* to the m* -fuzzy measurable sets in an extension of 
m to a fuzzy measure on a fuzzy a-algebra containing a. 

(v) If m is fuzzy a -finite, thenm is the only fuzzy measure (on the smallest fuzzy 
a -algebra containing a) that is an extension of m. 

3. Fuzzy Signed Measure 

Let toi and to 2 be fuzzy measures defined on the same c-algebra a. If one of 
them is finite, the set function m{nE) = tniifJ-s) — ^(/Ue) i f-E G cr is well defined 
and countably additive on a. However, it is not necessarily nonnegative; it is called 
a signed measure. 
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Definition 4. By a fuzzy signed measure on the fuzzy measurable space (X, a) we 
mean v : a \— > K U {00} or R U {— 00}, satisfying the following property: 

(1) i,(0) = „(o) = 0. 

(2) V/j, 77 £ cr s.t. z/(/i), 1/(77) > : < 77 =>■ 1/(71) < 1/(77). 
V/i, 77 G cr s.t. l/(/i), 1/(77) < : /1 < 77 =>■ 1/(77) < ^(/i). 

(3) V/j, 7/ e cr : i/(/i V 77) + z/(/j A 77) = i/(/j) + 7^(77). 

(4) (/i„)„ e jv C cr^ such that /Ji < 712 < • ■ ■ < Mn < ■ • • : sup/j„ = /i => 
7/(77) = limi/(/j„). 

This is meant in the sense that if the left-hand side is finite, the series on the 
right-hand side is convergent, and if the left-hand side is ±00, then the series on 
the right-hand side diverges accordingly. 

Remark 1. The Fuzzy signed measure is a fuzzy measure when it takes only positive 
value. Thus, the fuzzy signed measure is a generalization of fuzzy measure. 

Definition 5. A is a positive fuzzy set if for any fuzzy measurable set E in A, 
v(pe) > 0. Similarly, B is a negative fuzzy set if for any fuzzy measurable set E in 
B, v(he) < 0. 

Lemma 1. Every fuzzy subset of a positive fuzzy set is a positive fuzzy set and any 
countable union of positive fuzzy sets is a positive fuzzy set. 

Proof. The first claim is clear. Before we show the second claim, we need to show 
that every union of positive sets is a positive set. Let A, B be fuzzy positive sets 
and E < A V B be a fuzzy measurable set. By (2) in Definition [4j < v{hb A he) 
- v{jJLA A /is A he). By (3), v(he) > 0. Now by induction, every finite union 
of fuzzy positive sets is a positive fuzzy set. Let A n be a positive fuzzy set for 
all 11 and E < V A n be a fuzzy measurable set. Then fiE m '■= He A \Zn = iHA n — 
V™ = i/^b A HA n - Then E rn is a fuzzy measurable set and a positive fuzzy set. In 
particular, HE m < M£ m +i f° r au n an d — V^Lil^En,- Thus < limi/(HE m ) = 
v{he)- Therefore V A n is a positive set. 

□ 

Lemma 2. Let E be a fuzzy measurable set such that < v{he) < 00. Then there 
is a positive fuzzy set A < E with v{ha) > 0. 

Proof. If E is a positive fuzzy set, we take A=E. Otherwise, E contains a set of 
negative measure. Let n\ be the smallest positive integer such that there is a 
measurable set J?iCE with v{he x ) < — Proceeding inductively, if EA A^j 1 Ef 
is not already a positive set, let be the smallest positive integer for which there 
is a fuzzy measurable set E k such that Ek < E A A,-~^J5j and v(HE k ) < 
Let A = (VE k ) c . 

Then v(ji E ) = v(jjl e A 77^) + v(he A V> E J = v(he A Ha) + K v A*sJ- Since 
v(he) is finite, lirn n ^oo v{W n HE k ) is finite and v{\/HE k ) < 0- Since v{he) > an d 
v{VHE k ) < 0, v(he A ha) > 0. 

We will show that A is a positive set. Let e > 0. Since — > 0, we may choose k 

such that — n 1 _ 1 , which is greater than — e. Thus A contains no fuzzy measurable 
sets of measure less than — e. Since e was arbitrary positive number, it follows that 
A can contain no sets of negative measure and so must be a positive fuzzy set. 

□ 
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4. Fuzzy Hahn Decomposition 

Without loss of generality, let's omit + oo value of v. Let A = sup{j/(/xa) : A is 
a fuzzy positive set }. 

Then A > since i/(0) = 0. 

Let be a sequence of positive fuzzy sets such that A = limi^/x^) and [ia = 
y^Ai- By Theorem [TJ A is a positive fuzzy set and A > v(/j,a). 

V™/^ < Ma for any n implies v{\Z n ^A i ) > for any n. Thus A = ]imp(fj,A i ) = 
v(pa) = 0. 

Let E < AP be a positive set. Then v(he) > and A WE is a positive fuzzy set. 
Thus A > v{jia v M-e) = Kma) + Kme) - Kma A /ie) = A + ^(/ie) - ^(^a A fi E )- 
Thus v{he) = Kma A v(he) = since /i^ A /xg < \ia A and A /i^) 
= 0. 

Thus, A c contains no fuzzy positive subsets of positive measure and hence no 
subsets of positive measure by Lemma |2J Consequently, A c is a negative fuzzy set. 

5. CONCLUSION 

Let X be a space. Then by the previous theorem, we find such a positive fuzzy set 
A and a negative fuzzy set B (= A c ). By the fuzzy measurability of v, v{ha A Ha) 
= 0. A + A c = X in the sense that fiA + A*a c = !• These characteristics provides 
X = A U B and A n B = in the classical set sense. 
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